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A kinetic equation is derived for the two-time phase space correlation function
in a dilute classical electron gas in equilibrium. The derivation is based on a
density expansion of the correlation function and the resummation of the most
divergent terms in each order in the density. It is formally analogous to the ring
summation used in the kinetic theory of neutral fluids. The kinetic equation
obtained is consistent to first order in the plasma parameter and is the
generalization of the linearized Balescu—Guersey-Lenard operator to describe
spatially inhomogeneous equilibrium fluctuations. The importance of con-
sistently treating static correlations when deriving a kinetic equation for an elec-
tron gas is stressed. A systematic derivation as described here is needed for a
further generalization to a kinetic equation that includes mode-coupling effects.
This will be presented in a future paper.

KEY WORDS: Electron gas; Balescu-Guernsey-Lenard kinetic equation;
time correlation functions.

1. INTRODUCTION

Cluster expansion techniques have been a very powerful tool for studying
equilibrium time correlation functions in neutral gases at low and moderate
densities.") Most of the developments in this field are, however, restricted
to gases with a short-range intermolecular potential. In this and a following
paper® the same methods are employed to study equilibrium time
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correlation functions in a gas of charged particles interacting through a
weak long-range potential. Specifically, the case of Coulomb interaction
will be considered. The strength of the coupling in a Coulomb gas is
measured in terms of the plasma parameter, ¢,, representing the ratio of
potential to kinetic energy, or equivalently, the number of particles in the
Debye sphere, ie., ¢, = (4nnd3,) . Here n is the number density, e the elec-
tron charge, and A, = (4nne’p) 2 with T=(kB) ' the temperature, is
the Debye shielding length, which measures the effective range of the
interaction. For small values of the plasma parameter the decay of
equilibrium fluctuations in an electron gas is described by the linearized
Balescu—Guernsey-Lenard (BGL) kinetic equation, which takes into
account effective two-body collisions and is in this sense analogous to the
Boltzmann equation for neutral gases. The spatially homogeneous BGL
equation was first obtained in its nonlinear form by Balescu® (and,
independently, by Lenard and also by Guernsey) using a nonequilibrium
cluster expansion method.

The linear BGL equation can be generalized in two directions. First, it
is of interest to obtain an inhomogencous form of the BGL equation to
describe spatially varying cquilibrium fluctuations. Secondly, in order to
describe moderately dense, instead of dilute, electron gases one needs to
derive higher-order plasma parameter corrections to the BGL equation and
take into-account additional collective effects not contained in the BGL
operator itself.

In this paper a systematic derivation of the linearized BGL kinetic
equation for spatially inhomogeneous equilibrium fluctuations is presented.
The derivation is based on a detailed analysis of the cluster expansion of
the exact N-particle collision operator (in the spirit of Balescu’s first
derivation) and employs the techniques developed in the theory of neutral
fluids."” The approximations introduced are well controlled and the
method can be extended to yield corrections to the linear BGL equation
that include hydrodynamic mode-coupling effects. This will be done in a
subsequent publication.®

The need of a careful derivation of the linearized BGL equation as a
starting point for its generalization is one of the motivations of the present
work. The calculation has, however, also intrinsic interest, since it
illustrates the importance of consistently treating static correlations when
deriving a kinetic equation for an inhomogeneous electron gas.

The problem of a systematic derivation of the linearized BGL equation
for equilibrium time correlation functions using cluster expansion methods
has been considered before by Bartis and Oppenheim‘® for the spatially
homogeneous case. They considered a gas with an intermolecular potential
consisting of a weak long-range part and a strong short-range part, and
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neglected all terms explicitly containing equilibrium correlations. For the
spatially homogeneous case considered there these terms do not contribute
to the leading part of the density expansion of the transport coefficients,
whose evaluation was the objective of the paper. The procedure of Bartis
and Oppenheim is, however, not suitable for constructing a generalized
BGL equation describing spatially inhomogeneous equilibrium correlations
nor is it suitable for deriving corrections to the BGL operator? itself even
for the homogeneous case. In both cases a systematic analysis of static
correlations as well as of dynamical events is needed. This will be discussed
in detail below and elsewhere.?)

A generalized spatially inhomogeneous BGL equation has been
obtained before by truncation of the BBGKY hierarchy.®® The hierarchy
method gives the correct form of the generalized BGL operator. In
addition, it generates “singular” corrections to the Vlasov operator (i.e.,
corrections that are as divergent as the Vlasov operator itself at large inter-
particle separation) and terms that have the form of initial condition
corrections. In Ref. 6 both such correction terms were neglected on the
grounds of their ordering in the plasma parameter. By discussing in detail
the connection between the hierarchy and the cluster expansion method,
where such terms do not appear, we are able to show that they are con-
sistently canceled in the hierarchy formulation as well.

Finally, formal kinetic equations for Coulomb fluids have been
obtained by employing the so-called algebraic methods,”®) originated by
Lebowitz, Percus, and Sykes for neutral gases.!'® These approaches lead to
an exact but formal kinetic equation for the time correlation function of
interest, containing a formal expression for the collision operator. By
assuming an analytic expansion in powers of the plasma parameter the
collision kernel can, however, be evaluated explicitly to the lowest order.
The resulting kinetic equation is, for long-time and large distances, iden-
tical to that obtained here [see Egs. (3.13a) and (3.15)].

The algebraic methods have been implemented in the literature by
introducing simple approximations to the collision kernel (disconnected
approximation, effective interaction approximation).”®) These have
yielded predictions for the dynamical properties of dense Coulomb liquids
that compare well with the results of computer experiments.* When such
approximate collision operators are evaluated to leading order in the
plasma parameter, the result obtained here is again recovered. In this sense,
our calculation provides an independent check for such methods. The
approximations mentioned above fail, however, to predict correctly a cer-
tain type of plasma parameter corrections to the BGL operator, that is,

4 For a review see Ref. 11.
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those containing mode-coupling effects, that are responsible for the
asymptotic slow long-time decay of the correlation functions. Our method,
on the contrary, is based on a systematic expansion in a small parameter
and appears well suited to analyze such corrections to the BGL operator
and obtain a consistent theory of mode-coupling effects in an electron gas.
This will be discussed in a following paper.®

The technique used to derive the BGL equation in this paper is
motivated by the structure of the cluster expansion in neutral fluids. There
it is known that such a naive expansion is not well defined: each term of
the expansion beyond the first two terms contains a contribution that
diverges in the long-time limit. The leading divergences are due to a special
class of dynamical events containing certain sequences of s binary collisions
among s particles, known as ring collisions. Owing to the expansion in the
density, such collisions are allowed to take place over arbitrarly long times
and the collective effect of a mean free path damping of the particle trajec-
tories in these sequences due to the other particles is not taken into
account. To include this effect and obtain a well-behaved collision operator
it is necessary to carry out a resummation of all the most divergent terms
in each order in the density.‘"

It is expected that similar difficulties will appear in systems with weak
long-range interactions.""*) Furthermore, in this case, owing to the long
range of the potential, additional divergences are encountered already in
the density expansion of the equilibrium properties. In equilibrium a well-
defined expansion is obtained by resumming the most divergent terms in
each order in the density, as was first shown by Mayer.""® In first
approximation this leads to the same results as the phenomenological
Debye—Hiickel theory. Again, the divergences in the equilibrium density
expansion indicate that a collective effect, here the screening of the
Coulomb interaction at large distances, is not properly taken into account
by the density expansion.

In the nonequilibrium cluster expansion for systems with long-range
forces, divergences of both a dynamical (as in neutral fluids) and a static
(as in equilibrium) origin appear. A resummation is needed to remove both
types of singular behavior. In this paper the case of a weak long-ranged
potential is considered and only divergences associated with small angle
scattering at large interparticle separation are discussed. The effects of the
strong short-range part of the interaction potential are not considered
here. 19

The central quantity of interest here is the two-time time correlation
function of phase space fluctuations, C(1¢; 1), from which all the relevant
two-particle time correlation functions may be obtained. The objective is to
derive a closed kinetic equation for C(11; 1), ie., identify a well-behaved
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collision operator that governs the long time evolution of 'C(1z;1') for
small ¢,. In Section 2 the quantities of interest are defined and the cluster
expansion of JdC(1f;1')/dt is outlined. The rearrangements nceded to
eliminate the divergences in this “naive density expansion” and the
resulting new cluster expansion for C(1z; 1') are also discussed there. In
Section 3 the first few terms in this new cluster expansion are analyzed and
a criterion to identify the class of most divergent collision sequences in each
order in the density is given. A resummation of these most divergent con-
tributions is carried out. As a result, a generalized BGL operator is iden-
tified and discussed. In Section 4 the connection with the BBGKY
hierarchy method is discussed. A consistent truncation of the hierarchy is
performed, that leads to an equation that is identical to that obtained from
the cluster expansion. Finally, the results obtained in this paper, as well as
some open questions, are discussed in Section 5.

2. THE CLUSTER EXPANSION

The system considered is the classical electron gas, i.e., a gas of N elec-
trons of charge ¢ and mass m, immersed in a uniform neutralizing
background. The gas is enclosed in a volume @ and is in equilibrium at
temperature T.

All the two-particle time correlation functions of interest may be
expressed in terms of the time correlation function of phase space fluc-
tuations, defined as

C(1z; 1) = (oY1, 1) 0y (17, 0) )

— lim jde(szp(], 1) 8 (1, 0) p(x") 2.1)
e

where &y(1, 1) represents the fluctuation in the single particle phase space
density, y(1, t),

(L, ) =y(1, 1) = Y(l, 1)) (22)

and (1, ¢) is the number of particles at the field point 1 =x, =(r;, v;) in
the six-dimensional single particle phase space at time 7, given by

W= 3 5(1-X,(1) (23)

Here XV =X,,.., X, denotes the phase of the N electrons 1, 2,.., N, with
X,;=(R,, V,), and X () is the phase of the ith particle at time ¢ as evolved
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from its initial value, X;= X(0). Only the dependence on the field variable
is indicated explicitly in the function ¥/(1, ). The angular brackets indicate
an average over the canonical probability density, p(X"). The average
value of y(1,¢) in Eq. (2.2) is the single-particle distribution function
characterizing the average number of particles at the point 1,

L) =<y, 1)) = y(l, 0)5 (2.4)

For a system in equilibrium, in the absence of external fields, f,(1) is
independent of position and time and is simply given by

Si(1) =ng(v,) (2.5)

where ¢(v) = (mpB/2n)*? exp(—mpv?/2) is the Maxwell velocity distribution
function, and »= N/Q is the number density. The time evolution of any
phase function A(X") is governed by the N-particle streaming operator
S,(X™), according to

AX"(2)) =8 ,(X") A(X™) (2.6)

The streaming operator may be formally written as
S(XN) =X (2.7)
where L(X") is the N-particle Liouville operator, defined as
Lx™)={ , HX")} (2.8)

Here the curly brackets denote the Poisson brackets with the Hamiltonian
of the system, H(X™),

N
H(X") = mVi4+ Y V(R,) (2.9)
1 i<j=1
where R;=|R;—R/|. The interaction among the electrons is the Coulomb
interaction, V{(R)=e*/R. Most of the formal manipulations hold, however,
for a general central long-range pair potential. For systems with a con-
tinuous and differentiable intermolecular potential the Liouville operator is

given by

Ii'Mz
N —

7

N N
LX) =} Lo(X)~ X 0y =
with ; o
ey (2.11a)
oX)=Vi3g |
LOV(Ry) (0 @
0,1 9(X17X/) m 6Ri (OV; avf> (21 )
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Making use of Eq. (2.6) and of the invariance of equilibrium averages
under time translation, it is convenient to rewrite Eq. (2.1) more explicitly
as follows:

C(1t 1’):deN51//(1, 0) S_(X™) p(X™) 6y (1, 0) (2.12)

where here and in the following the thermodynamic limit of the integral is
intended.

The objective now is to obtain a kinetic equation for C(1¢; 1'). In par-
ticular, we are interested in determining the long time (¢>7,., with 7, a
characteristic collision time®) and large distance (|r;, —r}|> A,) behavior of
the two-point correlation function, C(17; 1'). It is convenient to use as the
starting point an expression for 6C(1¢; 1")/0r that is easily obtained by dif-
ferentiating Eq. (2.12) with respect to time,

I

'aa‘z c(1s 1) AdeNNé(l X)) LXM) S_(XY) p(X7) dw(1', 0)

= —Lo(1)C(1£; 1') + N(N — 1)
x JdXN"G(le)S,,(IXN‘I)p(lXN*‘)5!/1(1’,0) (2.13a)

to be solved with the initial condition
C(Lt=0;1)=C(1;1) (2.13b)

where C(1;1') is the equal time correlation function [cf. Eq. (2.12)]. The
time evolution of C(1¢;1') may be studied by performing a cluster expan-
sion of the second term on the right-hand side of Eq. (2.13), following
closely the procedure employed by Dorfman and Cohen for neutral
fluids.” In the rest of this section the cluster expansion of Eq. (2.13) is per-
formed. This is done in two steps: (1) by expanding the N-particle stream-
ing operator in terms of Ursell cluster functions; (2) by performing a den-
sity expansion of the equilibrium correlation functions. The resulting
expansion for dC(1¢; 1')/0t, known as the “naive density expansion,” tends
to diverge term by term in the long-time limit. This divergence, however, is
not the crucial one and will be shown to be easily removed by a suitable
resummation.

3 The concept of collision time is well defined even for a Coulomb gas, where t, can be «
posteriori identified with the inverse of the characteristic collision frequency associated with
the BGL operator.
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The cluster expansion of the N-particle streaming operator is

S (XM = UAXy, X2) S_ (XY 24 3 UKy, Xa| X)) S_ X"

i=3

+ ) UL X X, X)) S_ (XM= + - (2.14)
3Ci<jEN
The explicit form of the operators U,(X,, X, | X;,..., X,) is easily obtained
by inverting the set of equations resulting from letting N=2,3,.. in
Eq. (2.14). They are given by

UX1, X5)=S5_ (X}, X)
UdX, Xo | X3) =S (X, Xo, X3) = S_ (X, X5) S (X)) (215)

etc. Inserting the cluster expansion (2.14) into Eq. (2.13) and making use of
Liouville’s theorem, the following expansion for dC(1¢; 17)/0¢ is obtained:

a%cm; 1) = —Lo(1) C(1£; 1)

o0

1
+ Y mde2-~-dXS6(l,X2)

s=2

X Ut(17 X2 l X}’*"? Xx) Ix(la XZ;'-'a Xsa 1/) (216)

In Eq. (2.16) all the particle variables X,, for i=2, 3,.., s, are integrated
over and no longer need to be distinguished from the field variables. In the
following, when no confusion can arise, we will use for convenience the
same notation for the particle variables as for the field variables.

The functions I, can be expressed in terms of the equilibrivm dis-
tribution functions of the clectron gas. The first few I, are given by

L2, U)=(1+Py,) f1(2) C(1; 1) + C(12; 1)
L(123; V)= (1 + Pio+ Py3) 5(23) C(L V) + (14 P+ Pyy) £1(3) C(12; 1)
+ C(123; 1) (2.17)
etc., where P is a permutation operator that interchanges the labels of par-

ticles 7 and j, and the C(1,..., s; 1’) are the equal time correlation functions
of the phase space densities defined by

C1yy 53 17) = (OW(1,., 5) SY(1)D (2.13)

where
y(l,...,s)= Z ol —X,) - o(s—X,) (2.19)

I<gii< - <ig<N
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In Egs. (2.17) the f.(l,.,s) are the equilibrium reduced distribution
functions, defined as

N
T (N—s)!

—n9(V) 9V &Ry R (220)

f:v(Xl ERNEE] Xs)

[ax,. - axpxy

where g, is the configurational part of the distribution function. The
corresponding cluster functions G,(1,.., s) are also needed in the following.
The latter are defined in terms of the f; in the usual way, ie.,

Ji(1)=£i(1) (2.21a)
f2(12) = fi(1) f1(2) + G(12) (2.21b)
f(123) = fi(1) f1(2) /1(3) + (1 + Py + Pi3) f1(1) G2(23)
+ G5(123) (2.21¢)
etc., where
G X\ X)=020(V)) - d(V,) h(R ... R,) (2.22)

and 4, is the configurational part of the cluster function. The equal time
correlation functions C(1,..,s;1') can be expressed in terms of the
equilibrium distribution functions as

C(1; 1)y=38(1—-1") f1(1)+G,(1, 1) (2.23a)

CU2 1)Y= (1+P)6(1—1") Go(1, 1)+ G5(1,2, 1) (2.23b)

etc.

In order to obtain an expansion of the right-hand side of Eq. (2.16) in
powers of the density #, it is now necessary to perform a density expansion
of the equilibrium distribution functions contained in the I,. Before doing
this it is, however, convenient to put Eq. (2.16) in a slightly different form.
As previously stated, the objective here is to derive a kinetic equation for
C(1t; ') and identify the kinetic operator that governs its long-time
evolution from the initial condition C(1;1’). It is then useful to introduce
the initial condition C(1;1') explicitly on the right-hand side of Eq. (2.16)
by defining an inverse operator C~'(1;1') as

jdl”C*l(l; 1"y C(1": 1y =8(1—1") (2.24)
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The solution for C7'(1;1') is

CH L 1) == 0((1 = 1) = c(Iry —1i]) (2.25)

fl(l)

where c¢(r) is the direct correlation function, defined through the
Ornstein—~Zernike equation,

0(712)=h2(r12)“n1[d"3h2("13) c(rsz) (2.26)

and h,(r) is the pair correlation function, defined by Egs. (2.21b) and
(2.22) for s=2. Inserting Eq. (2.24) into Eq. (2.16), the latter may be
rewritten

a%C(lt;l’)z—Lo(l)C(lt;l’)
Ly —1——sz - dsh
2(S—— ) 12

X U,(l, 213,..,s) W(l,.,s)C(1; 1) (2.27)
where

W1, s)= f a” j AL (1 53 17) CHA 1) P (228)

acts as an integral operator on functions of 1. The equilibrium distribution
functions appearing in W, may now be expanded in powers of the density
by using the well-known density expansion of the equilibrium distribution
functions. The density expansion of the operators W _ is obtained in Appen-
dix A, with the result

W,(l,.,s)=n" 12 Twol,..., s) (2.29)

with .
WOl s)= 3 P < §(0,) £ ) (230)

Here g is the configurational part of the s-particle distribution function to
lowest order in the density, given in Eq. (A3); for /> 1 the coefficients W
have the form

WL, s) = j d(s+ 1) d(s+ 1) WLy s | s+ Ly s+1) (2.31)
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and are given in Appendix A for /=2, 3. When Eq. (2.29} is inserted into
Eq. (2.27) a formal density expansion of dC(1z; 17)/6t is obtained. Because
of the occurrence of time convolutions, it is more convenient for the follow-
ing discussion to analyze the Laplace transform of C(1¢;1%), defined

C(1z; 1'):]“’ dte=C(11; 1') (2.32)
0]

for Rez > 0. In particular, we will be interested in the behavior of C(1z;1")
as z— 07", Equation (2.27) may then be written

[z+ Lo(1)] C(1z; 1) [ + i n‘ld(lz} C(l; 1) (233)

where

%(U):jdzquz(lz) wO(12) (2.34a)
%(lz):f Q2d30,,{U.(12 | 3) WO(123) + U.(12) W12 3)}  (2.34b)

Ay(1z) == Jd2d3d4912[U (12| 34) W©)(1234)

+20U,(12 | 3) W(123 | 4) +2U.(12) W12 | 34)] (2.34c)

etc. Here U,(12]3---s5) is the Laplace transform of U,(121]3:--s).
Equation (2.33) has the desired form of a cluster expansion of the kinetic
operator governing the z dependence of C(1z;1'). It cannot, however, be
used to determine the small-z behavior of C(lz;1') since it contains
divergences as z—0". An analysis of the right-hand side of Eq. (2.33)
reveals that each 7 diverges as z— 0" and that the most divergent con-
tributions to .4 come from sequences of s—1 uncorrelated binary
collisions among s particles, leading to a z~©~" divergence. Here, as
elsewhere in this paper, z° stands for a behavior ~In z. These divergences
are precisely the same that appear in the cluster expansion of the collision
operator for neutral fluids."") As in that case they can be eliminated by
using an inversion procedure due to Zwanzig.'> First, Eq. (2.33) is rewrit-
ten

[Go(l,z)Jr i n"'Gy(1, z) %(12)}[ C(lz; 1)=C(1;1')  (2.35)

where Gy(1, z) is the free particle propagator,

Go(l, 2)=[z+ Lo(1)] ! (2.36)

822/41/1-2-4
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Then, a new set of collision operators B, is defined by introducing the den-
sity expansion of the inverse operator on the left-hand side of Eq. (2.35),
ie.,

[G0(1,z)+ i nS—I%(1z)TI=[GOI(1, z)— f ns‘lBS(lz)J (2.37)

s=2 =

This leads to the following kinetic equation for C(1z; 1'):
|:z+L0(I)~ Y nSIBS(lz):I C(lz; 1y=C(1; 1) (2.38)
s=2

The operators B, are easily obtained by equating terms of equal order in
the density on the two sides of Eq. (2.37), with the result

B,=s4,Gy\(1,2) (2.39a)
By={sy— 41} G5 (1, ) (2.39b)
Bo= {y— stysty— s by + []7) G5 (1, 2) (2.39¢)

etc. The operators B, may be written in a more convenient form by making
use of Liouville’s theorem and of operator identities given in Ref. 1, with
the result

B,(1, z):fdzeuc;uz, 2) WO(12) G5 (1, 2) (2.40a)

By(1, z) =f 2d30,,G(12, 2)[ (1 + Py,) 0,,G(123, z) W(123)

— WP(12) 0,,G(13, z) WP(13)+ WEH(12 | 3)] G5 (1, 2)
(2.40b)

etc., where G(1---s, z) is an s-particle propagator,
Gl s,z)=[z+L(1--5)]! (2.41)

The collision sequences that lead to the leading small z divergence of ., do
not appear in the B,. In the diagrammatic language introduced in the next
section such dynamical events correspond to singly connected diagrams
that are canceled in B,, where only irreducible diagrams appear. It will,
however, be shown in the next section that the B, still contain small z
divergences. A resummation of such divergences is needed to identify a
well-defined collision operator for z—07%. This then leads to the
generalized BGL kinetic operator.
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3. DERIVATION OF THE INHOMOGENEOUS BGL EQUATION
VIA CLUSTER EXPANSION

As discussed in the Introduction, two kind of divergences are expected
to appear in the analysis of the collision operators B, for a system with
long-range forces: divergences of static origin associated with the long
range of the potential, as already present in the equilibrium density expan-
sion, and divergences associated with a class of dynamical processes,
analogous to those appearing in neutral fluids. An appropriate resum-
mation will be necessary to remove both these divergences.

Here only the case of a weak long-range potential is considered and
only dynamical divergences associated with small angle scattering processes
at large interparticle separation will be discussed.

In this section the first few collision operators B, are examined in some
detail. To carry out this analysis, the right-hand side of Egs. (2.40) is
expanded in the strength of the potential. This is suggested by the similar
potential expansion used when eliminating the divergences in the density
expansion of the equilibrium properties of the electron gas.!"*’ The expan-
sion in the potential strength is obtained as follows:

1. The Mayer functions appearing in the cluster expansion of the
static correlations W, (cf. Appendix A) are expanded in powers of
[—BV(r)].

2. The propagators G,(1---s,z) in Egs. (240) are expanded in
powers of 6., by making repeated use of the operator identity,

if»

Gl 5,2)=Go(1-5,2)+Go(1 -5, 2) Z 0.G(1---s,z) (3.1)

i
IKi<j<s
where Go(1,..,s,2)=[z+ 23, Lo(i)] " is the free s-particle propagator.
The interaction between two electrons governed by the operator 0,
will in the following be referred to as a weak binary collision, to be con-
trasted with the strong binary collision between two particles interacting
through a strong short-range potential, for instance, hard spheres. A
collision is defined here as strong when the velocities of the colliding pair of
particles are correlated at the end of the collision, weak otherwise. A binary
collision will lead to velocity correlations when the action of the binary
collision operator for particles | and 2 on a function of v, results in a
function not only of v, but also of the relative velocity v,,. This is the case
in a hard sphere collision. In contrast, the action of 8,, on a function of v,
always leads to a function of v, only. Since the action of the operator 6
does not result in velocity correlations, the corresponding binary process is
classified as a weak collision. We will argue in the following that the kernel
of the BGL operator can be interpreted as describing an effective strong
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binary collision between electrons, in analogy to the Boltzmann operator
for neutral gases.

In order to analyze the B, and classify their leading divergences, it is
convenient to introduce a Fourier representation. In such a representation
the free-particle propagators Gy(1,.., s, z) are simply functions instead of
operators. Owing to the translational invariance of the equilibrium
averages, the Fourier transform of C(1z; 1) is defined

Calvi, 53 v0) = [ drype * i1z 1) (3.2)

where r | =r,—r,.
From Eq. (2.38), the following equation for C,(v,, z; v,.) is obtained:

[z+ik-v1— 5 ns-lBsml,z)} Culvi.zv)=Calviivy)  (33)
s=2

where

Bulvi, 2)= [ dry e reB (1z) e (34)

The expansion of the operators By, in the strength of the potential will
now be analyzed in some detail. There are two sources of divergences in
such an expansion in the limit of z— 0 and k — 0:

(1) Divergences arise in the limit k — 0, for fixed z, due to the long
range of the potential. The same behavior is already present in the
equilibrium density expansion.

(2) Another type of divergence, associated with purely dynamical
effects, appears in the limit z - 0% and k — 0, due to the singular behavior
of the free-particle propagator in such a limit. In general both (1) and (2)
occur in each term of the potential expansion of the B,,.

In the following the potential expansion of B, and B will be examined
explicitly. This will indicate how to formulate a general rule to extract the
terms that are most divergent in the limit z — 0% in each order in the den-
sity. The resummation of the leading divergences is then carried out in two
steps: first the static divergences are removed by a resummation that
upgrades the divergent static pair correlation functions to convergent
Debye-Hiickel pair correlation functions; secondly, the dynamical
divergences are resummed by renormalizing the free-particle propagators.
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Specifically, the potential expansion of B, leads to

nBZk(vla Z) Ck(vh z vll)

: d
= ) Gl v [ s v, )

1
X2+i(k”Q)'V1+iQ'V2
+ [0k —q(Vis v,) +0_k7q(v1> v2)] sz} P(vy) Culvy, z; v1)

b oy [ 00 vl BVa 4] Prade) Gy v

+LDT. (3.5)

{0~q(v17 VZ) + g—q(vla VZ)

where L.D.T. stands for less divergent terms, and

0,(v,¥2) = | drppe™ 0 720(1,2)

1 0 0
=—g T — 5 3.6
m e (c?v1 8v2> (36)
with g, = iqV,. Here V is the Fourier transform of the Coulomb potential,

given by

47e?

Vo=[dre v v(r)= 7 (3.7)

In Eq. (3.5) 4, is a function, given by
gq(vl’ V)= —¢"(v;) ¢~ (vs) 04(vy, v2) d(vy) d(vy)
=Peq v (3.8)

It is proportional to the rate of change in kinetic energy of a pair of par-
ticles in a weak collision and it arises when shifting static correlation
functions through the propagators, since the kinetic energy is not a conser-
ved quantity in a collision. In general, in the representation used here for
every term classified as most divergent (and therefore retained) in the
expansion of each B, there is an identical term with the first (from the
right) interaction operator 6, replaced by the function 6,, as seen in
Eq. (3.5). The terms containing the function 0, are as divergent as the
corresponding terms containing the operator 8, and should therefore be
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kept in a consistent theory. We will, however, show in the following that
their contribution to the collision operator vanishes in the limit z —» 07, in
which limit we are ultimately interested.

The first term on the right-hand side of Eq. (3.5) is the Vlasov
operator,"” which represents the average effect on a given electron due to
the presence of the other particles. It is given by

0
K =n [ dvosy ——p(v,) P (39)

or, in real space,
V() =n [ @051+ Piy) §(o) =1 [ 20, Pg(s,)  (3.90)

The second equality follows, because the part without permutation
operator on the right-hand side of Eq. (3.9b) vanishes when acting on a
function of 1, due to the r, integration. When acting on the unknown
function Cy(v,, z; v,.) the Vlasov operator gives

-~

n 0
A Gy 5V = s == Blo) [ G, v (39)
1

Thus ¥, C, is directly related to density fluctuations, since
fav,[av,Cu(vy, t;v,) is the Laplace transform of the density-density
correlation function. The Vlasov operator is instantaneous, i.e., z indepen-
dent, and is the most singular one in the limit k — 0, since it behaves as
w,/kAp~njk, where w, is the plasma frequency w, = (kzT/m)"*/4,. The
singular behavior of the Vlasov operator is due to the long range of the
Coulomb interaction and is an exact property of the electron gas.!'®)

The second term on the right-hand side of Eq. (3.5) represents a
sequence of two successive weak collisions between the same two particles.
It 1s the simplest ring collision event. In the limit z—> 0% and k — 0 the
integral over the internal wavevector, ¢, is logarithmically divergent at
small g, ie., it is of order nln g or ng°. This divergence is related to the
z— 0" behavior of the free propagator.

The criterion adopted here to identify the divergences in the cluster
expansion is the following: in each order in the density, », the divergences
will be classified on the basis of the strength of the small ¢ singularity
appearing in the internal wave vector integration as z— 0% and k — 0. In
B,, for instance, the most divergent terms are those that behave as nln g or
ng® as z—0" and k— 0. The second term on the right-hand side of
Eg. (3.5) is the only most divergent term of order n.

Finally, the third term on the right-hand side of Eq. (3.5) is instan-
taneous, ie., z independent, and related to density fluctuations, as is the
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Vlasov operator. This term should be consistently neglected compared to
terms that are divergent in the limit z — 0™, since it will lead to higher-
order plasma parameter corrections to the leading long-time behavior of
the correlation function discussed here. For instance, in the hydrodynamic
regime the renormalized form® of the instantaneous operator in question
gives plasma parameter corrections to the ideal gas speed of sound. Similar
corrections can, however, arise from noninstantaneous operators that are
less divergent in the limit z - 0" and have therefore been neglected. Thus
in the following we will group instantaneous terms with less divergent ones
and neglect them.

It is convenient for the following discussion to introduce a diagram-
matic representation of the various collision sequences.

The diagram rules are as follows:

(1) A diagram consists of vertical lines, horizontal bonds, and
crosses. The vertical lines are labeled at their bottom with the particle
labels 1, 2,.... The velocities of all particles, except the field point velocity
v,, are integrated over.

(2) To obtain the diagram corresponding to a given term in an
equation, the factors as they appear in this term from left to right are
represented in the diagram from top to bottom, respectively.

(3) A cross and vertical line segment at the bottom level of the

diagram Lk, label the root point, i.c., the velocity v; and the wave vector k

of the unknown function, Cy(v,, z; v).
(4) A cross and a vertical line segment at the top level of the

diagram, T k, label the external velocity and wave vector, i.e., the Fourier

transform of the field variable 1.

(5) There is a factor n¢(v,) associated with every label i that is not a
root point. The Maxwellian factors are all located to the right of all
operators, ie., at the bottom of the diagram.

(6) Horizontal bonds are of two types: (i) static bonds that represent
(—PBV,)=e__ .., as obtained from the weak potential expansion of the
Mayer functions, and drawn as dashed lines; (ii) dynamical bonds or
6 bonds representing 0,(v,, v;) = , drawn as wavy lines.

(7) The vertical positions of the § bonds in the diagrams define the
levels in the diagram. In time language the bottom level corresponds to the

¢ As k — 0, this instantaneous term contains a logarithmic divergence for small g, due the
singular behavior of the Coulomb potential for q — 0. This divergence is removed when the
factor [ — ¥y _4] is renormalized to a Debye-Hiickel pair pair correlation function. On the
contrary, the divergent behavior of the noninstantaneous terms persists even after the renor-
malization of the equilibrium correlation functions.
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smallest time; an ordered time integration, (fdr, [! dt, [i dts.., with
1=t =2t,2.., 1s to be performed over the times of all intermediate levels.
The same diagrammatic representation is used for equations in time and in
Laplace language.

(8) Internal vertical line segments between the diagram levels

represent free propagation of the particles, ie., q ?zexp(—iq-vit), or
‘ﬁ iq/=[2+i‘I‘V1+i'q"V2]71~

(9) Wave vectors are conserved at each vertex and all internal wave
vectors are integrated over.

The collision operators in Eq. (3.6) may be represented then as in
Fig. 1. The diagrams containing the function §, have been omitted in
Fig. 1. They are identical to the last two diagrams, with the bottom
0, bond replaced by 6,. The first of the diagrams in Fig. | represents the
Vlasov operator #;(v;). This completes the discussion of B,y.

A similar analysis may be carried out for Bs,. It is easy to see that the
most divergent terms are those where the internal wave vector integration
contains a small q divergence of order n’¢*/g> in the limit z—0" and
k — 0. They may be divided into two groups:

(1) Purely dynamical diagrams, having the structure of ring
diagrams and representing three collisions among three particles. There are
eight nonvanishing diagrams of this kind, given by the four diagrams of
Fig. 2a, plus the same four diagrams with the bottom 8 bond replaced by 6.

W 5 g
(T T k q
nBZk(vl,z,vlu) . + oy
k R—_—CT k
2
q

I 2
- —FX -
k q
L ke 3 L ka 3
k| alR
| 2 | 2

+ 8§ - terms + L.D.T

Fig. 1. The potential expansion of B,. The first diagram represents the Vlasov operator,
71¥1).
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W3 =X 3 g k¥ og
pe g it S X k-q 3 ka g
P 943 ¥q g k-q q R"_q'_._’ q
- |7 7, “alw
| 2 3 | 2 3 | 3 2 | 3 2

(b)

Fig. 2. The most divergent diagrams in B,: (a) purely dynamical ring diagrams; (b)
diagrams with two interaction bonds and one static bond.

(2) Three-particle diagrams containing dynamical bonds and one
static bond. There are eight such diagrams, given by the four diagrams of
Fig. 2b and the same four diagrams with the bottom 6 bond replaced by 8.
These diagrams have a new structure not found in B,.

The last two diagrams of Fig. 2b have the structure of corrections to
the Vlasov operator, since when acting on C,(v,, z; v;-) they are related to
the density—density correlation function. It is, however, easy to show that
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the sum of these two diagrams together with the corresponding two
diagrams where the bottom 6, bond has been replaced by the function 4,
leads to terms that are less divergent in the limit z— 0" and k — 0 than
those retained here.

All other terms in Bj, are less divergent, in the sense that the q
integration leads to a less singular result at small ¢ when z— 0% and k — 0.

A similar systematic analysis can be carried out for the higher-order
collision operators. This has been done in detail only for B,, and Bs,. We
have then formulated a rule to collect the most divergent terms in each
order in the density: the most divergent terms in B, are those where the
internal q integration contains a small q singularity of order n(ne’/q*)° in
the limit z—» 0% and k— 0.

These terms are represented by the following diagrams:

(1) All diagrams containing s dynamical bonds 6, and no static
potential bonds. These correspond to sequences of s weak binary collisions
among s particles. They have the same structure as the dynamical ring
events that determine the leading correction to the Boltzmann equation for
neutral gases. There the binary collisions are, however, strong collisions.

(2) All diagrams containing (s — k) interaction bonds 6 and k static
potential bonds, for k=1, 2,..., s — 2.

We emphasize that, in contrast to the case of a gas with strong short-
range forces, terms containing static correlations are among the most
divergent contributions in each order in the density. They are needed for a
complete cancellation of all the terms represented by singly connected
diagrams and they will appear explicitly in the kinetic equation for the elec-
tron gas, even to lowest order in the plasma parameter, ¢,.

The resummation of these terms can be carried out in two steps.

First the purely static divergences are eliminated by resumming the
chain Mayer graphs, as done in the equilibrium virial expansion. To exam-
plify this, we display such resummation for the collision sequence
corresponding to the first diagram in Fig. 2b, ie,

dq 1
A 0
njdvzjdnf(zny eq(v“v2)2+i(k~q)'vl+iq'v2 _q(V1,¥3)

X i {njdvé‘[«BVq] ¢(U4)} #(v5) d(v;3) Colvy, 25 ¥y)
=1

dq 1
- njdvzfduj(znf gq(vl’v2)z+i(k—q)~v1+iq'vz

X 0_(v1,V3) hpu(q) ¢(v2) d(v3) Culvy, 23 vy) (3.10)
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_'_a’+ooo

Fig. 3. Resummation of the static Mayer functions to a Debye-Hiickel pair correlation.

The diagrammatic representation of the resummation is displayed in Fig. 3.

In Eq. (3.10)
11

Cnl+¢%3

:!»—‘

houl(q) = (3.11)

e s)

Z [—npV, ] =
is the Debye-Hiickel pair correlation function, represented in Fig. 3 by a
thick dashed line. This resummation replaces all the static correlations with
Debye-Hiickel pair correlation functions, that are finite at large interpar-
ticle separation.

The dynamical divergences are eliminated by summing the ring
diagrams. Again, it is convenient to display this resummation for the sim-
plest case, where dynamical and static divergences do not appear
simultaneously. The sum of all ring diagrams can most easily be written in
real space and reads

o0

z nfd2012G0(12,z)[n(1+P12)Jd3913( P)d(vs) G (1292)][

=0

X0 1,(1+ Pyy) #(v,)
=1 [ d20,,G,(12,2) 0,51+ P1y) 4(v) (3.12a)
where G (12, z) is a two-particle Vlasov propagator,
G,(12,z)=[z+ L, (12)]! (3.12b)

with L,(12)=L,(1)+ L,(2), and L,(1)=Ly(1)—7"(1).

By resumming all the terms from each B, that are of order n(ne*/q?)*
when z - 0" and k - 0 and using Eqs. (3.10) and (3.12), one obtains the
desired generalized (inhomogeneous and non-Markoffian) BGL collision
operator, given by

a
A, 2)=n [ dvs [ 50001 v2) Gl — 0150 v2:2)
{ V1>V2)+97q(v1svz)+ [9 W(¥a2, ¥y)
H_qf k(V2, V1)1 Pia} ¢(vs) (3.13a)
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where
éq(vb Vy)=04(vy, Vo) +n f av304(vy, v3) Apu(g) ¢(vs) (3.13b)

or, using Egs. (3.6),

~ 1 o 1 0
Oq(vi, v2)=— Soulq) &g 5~ (3.13¢)

o T Gy
The function 02 is defined by Eq. (3.13b), with each 0, replaced by a §,. In

Eq. (3.13b) Spu(g) is the Debye-Hiickel approximation for the static struc-
ture factor, S(g), which is defined by

S(g)=1+nh,(q) (3.14a)
while Spu(g) is given by
242
9 4p
=2"D .14b
Son(0) =7 5 (3.40)

The diagrammatic representation of the four terms occurring in Eq. (3.13)
is given in Fig. 4, where the thick vertical lines denote the renormalized

=4

+ 8- terms

Fig. 4. Diagrammatic representation of Eq. (3.13).
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propagators. In writing Eq. (3.13) a new dynamical operator § containing
the static correlations has been defined.
The corresponding kinetic equation for Cy(v,z;v,.) is then given by

[z+&k-vy—7(v,) — Ax(v, 2)] Culvy 2, ¥1) = Ci(vy; V) (3.15)

An explicit representation of A (v, z) in the limit k -0 and z—>0"
can be obtained following closely the procedure used in Ref 17 for the
nonlinear BGL operator in the spatially homogeneous case. The details of
this reduction are given in Appendix B. In this limit the generalized
operator obtained here is found to be identical to the linearized and
Markoffian BGL operator for the homogeneous clectron gas used in the
literature, i.e.,

_ J 4 o [V,]
m2) 2ny o, ID(Zq, ig v

[ dv,06q- (v, ~v2)

o 0
X ‘I'<%—5V—2>(1+P12)f1(02) (3.16a)
where
1 ?
D(q,z)zl—Jdvmsq'afl(v) (3.16b)

is the plasma dispersion function, defined for Rez > 0.

The terms containing static bonds in Eq. (3.13) are needed to obtain
the form given in Eq. (3.16). This point has been noticed before by Krom-
mes and Oberman.®

The part of the operator A,(v,, z) containing the function § leads to a
vanishing contribution in the limit z—0" and k—0, because
0(q-vy,) 04(vy, v)=0 [cf. Eq. (3.8)]. It was, however, essential to retain the
terms containing the function 6, as was argued before when discussing the
last two diagrams of Fig. 2b.

4. THE INHOMOGENEOUS LINEARIZED BGL EQUATION
FROM THE BBGKY HIERARCHY

Guernsey'® and Krommes and Oberman® have derived a linearized
BGL equation for an inhomogeneous electron gas by truncating the
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BBGKY hierarchy at the level of the second hierarchy equation. They
obtained the following kinetic equation:

[z+ L, (1) = A(1, 2) = 6% (L, 2)1 C(L, z; V)= C(1; 1)+ K(1z; ') (4.1)

which differs from Eq. (3.13) in the presence of a Vlasov correction term,
given by

5V(S)(1‘> z}y=n(1+Py,) f d30,36(v,) #(v3) hpu(ri) Pis (4.2a)

and an initial condition correction term, given by

t 1 - r
i1, 21 )_jdzelzmcuz,l) (4.2b)

Also A(1, z) differs from the linearized BGL operator obtained from the
cluster expansion [cf. Eq. (3.13a)] for it does not contain the terms in
which the operator 6 is replaced by the function 0, ie.,

A1, 2)=n [ a0, (1+Py)

1
TFL(12)
<[00 [ 0ot gie o) (820)

The diagrammatic representation of the Fourier transform of Eq. (4.2a) is
given in Fig. 5: 6" contains singly connected diagrams and is as singular
as the Vlasov operator itself at large distances, since 6% ()(v,, z)~n**/k for
z— 0% and k — 0. Both operators 57" and [ are then neglected in Ref. 6,
where it is argued that they represent corrections to the Vlasov operator
and to the initial condition C(1;1’), respectively. Although this statement is
correct, the appearance in Eq. (4.1) of singular corrections to the Vlasov

Fig. 5. Diagrammatic representation of 67", Eq. (4.2).
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operator is somewhat disconcerning. Such terms, if not canceled to higher
order, could lead to unphysical behavior.

The objective of this section is to clarify the connection between the
cluster expansion method, where singular Vlasov corrections never appear,
and the hierarchy method. We show here that the singular operator §¥
is actually canceled by part of I(1, z; 1’). It is then possible to recover the
results of the cluster expansion by using a consistent closure of the
hierarchy. To do this, it is convenient to characterize the various terms
occurring in the hierarchy by introducing dimensionless variables. Defining
¥ =z/w,, t¥ =r/Ap and v* =v/v,, with vo=(mf)~ " dimensionless dis-
tributions and correlation functions are given by

¢*(vi) = (vg/n) f1(1) (4.32)

GH(1*,.., s*) = (v323 - Vn) G(1,..., 5) (4.3b)
C*(1%,..., s*; 1’*)—(0 G+ D33/) C(1,.. 53 1) (4.3c)
CH(1%,.., 8%, 2% 1'%) = (0,03 DA%/n) C(1,.., 5,2 1')  (4.3d)

where C(1,.., s, z; 1') is the Laplace transform of the two-time correlation
function

C(l,..,s, ;1) = (0Y(1,..., 5, 1) B (1, 0)> (4.4)

In terms of the dimensionless quantities defined above the first two
equations of the hierarchy for the Laplace transforms of the two time
equilibrium correlation functions are (the stars on the reduced variables are
suppressed to simplify the notation):

[z+LF1)]C*(1, z; 1) = C*(1; 1)+, jdze C*(12z; 1) (4.52)

and
[2+L*(12)—¢,0%] C*(122; 1') = C*(12; 1')
+ 2{;9?‘2(1 + Ppy) ¢*(vy) C*(12; 1)
1

+ 401 +P12)fd30;k3(1 +P) GH(23) C*(1z2: 1)

+ .sp(1+P12)jd39 C*(1232; 1) (4.5b)
where

1

LH1) = Lo(1) = = 7"*(1),
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with
PH1) = [ B301¢*w,) Py (4.5¢)
and
1 0V(ry) ( 8 0 >
pom— 2 4.5
27 o, ov, 0OV, (4:5d)

Guernsey® and Krommes and Oberman'® truncated Eq. (4.5b) by
neglecting the term ¢,0%, C*(12z; 1’) on the left-hand side of the equation,
as well as the three particle cluster function ¢,C*(123z;1’) on the right-
hand side of the equation, consistently'® with their ordering in the plasma
parameter. There is no reason at this point to neglect the initial condition
in the second equation, C*(12; 1’). In fact, we will show that this term can-
cels the singular Vlasov correction (4.2) on the left-hand side of Eq. (4.1).
Neglecting the two terms of O(e,) in Eq. (4.5b), solving for C*(12z; 1') and
substituting in Eq. (4.5a), the following equation for C*(1z; 1') is obtained:

|:2+ L;“(l)—%ﬂ*(l, z)—:—;W“)*(L )+ 0(85)} C*(1z 1)

= C*(1; ') +&,I*(1z; 1') (4.62)
with
1
* 1) = o — * 1 . 1’ 4.
I*(1z; 1) Jd29122+L3<(12)C (12;17) (4.6b)

Since our objective is to obtain a closed kinetic equation for C*(1z; 1'), we
need to express the second term on the right-hand side of Eq. (4.6) in terms
of the unknown function C*(1z; 1’). This can be done by using Eq. (2.24)
to explicitly introduce the initial condition C*(1;1’) into Eq. (4.6b), i.e.,

1
* 1Yy — " *
e, *(1z; 1) =3, | 21 BO% ey
x C*(12;17) C*~1(17;3) C*(3; 1) (4.7a)

Using then Eq. (4.6a) to lowest order in ¢, we can express /*(1z;1') in
terms of the unknown function C*(1z;1') as

1
% Sy * -

e, I*(1z; 1 )-5,,Jd2d36122+L;k(12)

x [d1rcr(12;1m) c* 415 3)

x [z+L¥(3)] C*(3z;1')+ O(el) (4.7b)
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For consistency, the equal time correlations in Eq. (4.7b) should be
evaluated to lowest order in the plasma parameter. To this order, it is easy
to express the equal time correlation functions in Eq. (4.7b) in terms of
equilibrium distribution functions. Using Eqs. (2.23) and (2.25), together
with the convolution approximation—which is consistent with the
Debye—Hiickel approximation—for the three-particle cluster function
hs(r, 15, 15), given by

hpu(ry, To, ¥3) = hpp(riy) Apu(ris) + Apu(riy) hpg(rys) + hou(r3) hpu(rs;)

1 [ drihon(r16) hou(r26) ho(rs) (48)
one finds

(dl”C*(12; 17y C*~1(1"; 3)

v

= (1+ Py3) ¢*(vy) hibu(r12) 6(1 —3)
+ ¢*(v2) §*(v3) hpu(r13) hbu(rs) + O(e,) (4.9)

with Afy(rly) =nig hpu(r,).

Substituting Eq. (4.9) into Eq. (4.7b) and writing the inverse
propagator in Eq. (4.7) as the sum of a free propagator and a Vlasov
operator, I*(1z; 1') can be rewritten

e, I%(1z; 1) = — :_;51;““(1, z) C*(1z; 1)

+ ¢, | @0% (1+ o) ¢*(02) hpu(r 12)

1
z+ L*(12)
x [z+ Lo(12) C*(12;1')

1
+ oy | QB s #7(02) 9¥(03) Bbulra) hbu(rac)

x [+ Lo(123)] C*(1z; 1') + O(s2) (4.10)

When Eq. (4.10) is inserted in Eq. (4.6a), the first term on the right-hand
side cancels the singular Vlasov correction term in Eq. (4.6a). The other
two terms in Eq. (4.10) can be rewritten in a more convenient form by
shifting the inverse free propagators to the left through the static
correlation functions. This can be done by using the equations of the
equilibrium hierarchy to lowest order in the plasma parameter. The

822/41/1-2-5
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calculation is tedious, but straightforward and will not be given here. As a
result, one finds that the second two terms in Eq. (4.10) contain those
terms contributing to the BGL operator in which the last 6 operator is
replaced by a 0 function [cf. Eq. (3.13a)]. These contributions were also
obtained from the cluster expansion. In addition, they also contain terms
that do not contribute to leading order as z— 0% and k — 0 and should
therefore be neglected. The equation obtained from the hierarchy is then
identical to that obtained from the cluster expansion.

In contrast to the hierarchy method, the cluster expansion directly
provides a closed equation for C(1z; 1'), i.e., an equation that determines
its evolution from a given initial condition C(1;1’). This is achieved when
transforming from Eq. (2.33) to Eq. (2.30) using the standard inversion
procedure,'> which eliminates all singly connected diagrams contained in
the 6%, In the hierarchy truncation, however, only part of the singly con-
nected diagrams are automatically canceled. Thus, after closing the
hierarchy, a further rearrangement of the resulting kinetic equation is
needed to complete the elimination of the naive density divergence.

It is not clear how the hierarchy method can consistently be extended
to higher orders in the plasma parameter. It will become increasingly more
complicated to express the equal time correlation functions arising from the
initial condition for the higher-order equations of the hierarchy in terms of
the unknown function and identify that part of the static correlations that
needs to be kept to construct a consistent kinetic equation for C(1z;1’).

Finally, the elimination of the singly connected diagrams and of the
divergences occurring in the naive density expansion is also automatically
achieved by using the algebraic methods mentioned in Section 1.7 As
discussed in the Introduction, such theories do not, however, contain a
natural small parameter and are therefore not systematic. The cluster
expansion method is then more reliable since the approximations
introduced there can in general be better controlled.

5. DISCUSSION

We conclude the paper with a number of remarks.

(1) There is a close formal analogy between the derivation of the
BGL operator given here for an electron gas in a uniform positive
background and that of the ring kinetic operator for neutral gases with
strong short-range interactions. In both cases the collision operator is
obtained by summing the most divergent contributions due to ring
collisions and has the structure of two successive binary collisions
separated by a renormalized propagator that includes the effect of
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collisional damping in the case of neutral gases and dynamical screening in
the case of the electron gas. There are, however, important differences.

(a) In the neutral gas case the ring operator is constructed by sum-
ming sequences of strong collisions. The intermediate propagator in the
resulting kinetic operator contains long-lived hydrodynamic fluctuations.
This is in contrast to the Boltzmann equation which only describes fluc-
tuations with a lifetime ~t2, where 72 is the Boltzmann mean free time.
The BGL operator is constructed by sequences of weak collisions. The
intermediate renormalized propagator contains the effect of dynamical
screening due to the other particles and, in a gross sense, provides an effec-
tive cutoff of the Coulomb interaction at large distances. The BGL
equation describes the decay of fluctuations of lifetime ~ 1. In this sense it
contains the same physical information as the Boltzmann equation. Its ker-
nel can be interpreted as an effective binary collision operator, representing
a strong collision.

(b) Another important difference between neutral and charged gases
lies in the role played by the static correlation functions. In neutral gases
they do not contribute to the most divergent collision sequences, while for
systems with long-range potentials the static correlation functions do con-
tribute to leading order in the plasma parameter, so that the
inhomogeneous BGL operator itself explicitly contains the two-particle
correlation function. This is because the Debye-Hiickel pair correlation
function,

GPH(v,, vy, @) =n’d(vy) d(v,) hou(q)

is, for small g(g <Ap5"'), of the same order in the density as the single-par-
ticle distribution function, fi(1)=n¢(v,), since hpyu(g)~n—' [cf
Eq. (3.14)].

(2) The Markovian form of the BGL collision operator cannot con-
sistently be used to obtain the hydrodynamic equations for the electron
gas. In the hydrodynamic regime the electron gas can sustain finite fre-
quency plasma modes that can only be described through the use of a fre-
quency-dependent collision operator, to be evaluated at a frequency o,
with w =1z, of the order of the plasma frequency, w,. To describe long-
wavelength phenomena in a dilute electron gas one must, however, use the
k — 0 limit of the collision operator. This is because its k dependence leads
to plasma parameter corrections to the dilute gas expressions for the trans-
port coefficients and the thermodynamic quantities that appear in the
hydrodynamic equations. These corrections are of the same order in the
plasma parameter as those resulting from terms that have been neglected in
our derivation (e.g., less divergent terms in the cluster expansion) and
should then be ignored.
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(3) In the Markovian limit, i.e,, z— 0™, the same representation for
the collision operator as given in Eq. (3.16) is obtained when all the terms
containing the functions §, are neglected in Eq. (3.13). This is due to the
fact that the Markovian limit of the BGL operator conserves kinetic
energy, because of the presence of the J function, d(q-v,;), in Eq. (3.16).

(4) The same method used here may be employed to study the
problem of tagged particle motion. The quantity of interest is then the
correlation function of fluctuations of the phase space density of the tagged
particle, which is defined

Cy(11; 1) = <6(1 = X (1) [o(1" — Xy) — (o(1' = X1)> 1) (5.1)

where X denotes here the phase of the tagged particle. Using the cluster
expansion method, the “self-BGL equation, describing tagged particle
motion, is found to be

[z+ik vy —An (v 2)] Ca(vys 23 v) = Co(vy; Vi) (5.2a)
with

dq !
A =n|dv,| >0
V1, 2) ”j ZJ(QnV ‘l(v"VZ)z+i(k—q)-v1+iq'Vz—‘l(V2)

x [0,(v1, v2) +64(v1, v2)] 6(v3) (5.2b)

A different representation of A, for k=0 was given in Ref 4. The two
representations are identical in the limit z - 0+, where they both reduce to

. omo odq 0 Ve o
A= =3 [ G 9 5 e v 0@ )
0
N L (53)
v1 ov,

(5) Finally, Dorfman and Cohen"? have used the methods of the
nonequilibrium cluster expansion to derive a generalized (inhomogeneous
and non-Markoffian) form of the nonlinear BGL operator. They showed
that the nonlinear operator is also obtained by summing ring collisions, as
done in the homogeneous case by Balescu.®) The linearization of their
kinetic equation does not, however, reproduce Eq. (3.13) obtained here. It
contains the linear BGL operator A(1, z) defined in Eq. (4.2c) and the
singular Vlasov correction as obtained when closing the hierarchy. We will
discuss the resolution of this point in a separate publication. %
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APPENDIX A: CLUSTER EXPANSION OF THE EQUILIBRIUM
CORRELATION FUNCTION

In this Appendix the explicit form of the cluster expansion of the
W.(1,.., s), as defined in Eq. (2.28), is obtained.

The equilibrium virial expansion of the reduced distribution functions
g,(r,..., r,) is discussed for example in Ref. 21. It has the form

oo

gs(rlr"a r_s) = Z n[g§l)(r17"~3 rs) (Al)

I=0
where

ggl)(rl LR rs) = J drs+1 e drs+1g5(rla"'a I | rs+ Toeres l.S+1) (Az)
The first term, corresponding to /=0, is simply given by

£00 ) =exp| <§ T i) |

I<i<j<N

= I a+s (A3)

I<i<jsN

where f; =e """ — 1 is the Mayer f function, and for /=1,
g_(vl)(rl 3ty rs) = g§0)(r1 [t ] rs) f drs+ 1 Z
i=2

x Z ﬁ1,3+1'..f;']-,s+1 (A4)
I<ij< - <j<N
From Eq. (Al) and the definition of the cluster functions 4, given in

Eqgs. (2.22) the virial expansion of the &, may also be obtained in a similar
form, ie.,

0

Byt r)=> n'hO(r ., 1)) (AS)

=0
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The explicit expression for the first few terms in Eq. (AS) for s =2, 3 may
again be found in Ref 21. Finally, the cluster expansion for the direct
correlation function will be needed. It is given by

X0

c(ryy) = Z n'e(ry,r,)

=0
s—1

=it ¥ gy | e e B (A6)
where B(r,,..., r,) is the sum of all biconnected graphs of s particles. In par-

ticular
B(ry, 15, 13) = f12f23. /51 (A7)

In order to construct the equilibrium virial expansin for the W, the latter
need to be expressed entirely in terms of equilibrium distribution functions.
Combining Egs. (2.28) and (2.17), the first few W, are explicitly

W,(12) = (1 +P12)f1(2)+Jdl”dl”’C(lz; 1"y

x CH17;1") Py W,5(123)
=14+ P+ Pi3) [2(23)+ (1 + P53+ Py3) £1(3)

+ Jdl//ldl//c(lz; 1!//) C—l(lm; 1//) Pll”

+ Jdl”’dl”C(lZ?a; 1"yC'(1";1") Py (A8)

etc.
The correlation functions in Eq. (A8) may be expressed in terms of the
distribution functions by using Eq. (2.23) and (2.26), with the result

[armcq,.., s 1y e

S LI XURED
XxPy[o(1—-1") ¢~ Yo,)=ne(r;, rp)] +nh, . (ry,., T, T)—n?
derl"'h”l(rl’ ="s’r1’")c("1“"r1”)] (A9)

Substituting Eq. (A9) for s=2, 3,... into Eq. (A8) and then inserting the
virial expansion for the various distribution functions, as given in
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Egs. (Al), (A5), and (A6), the cluster expansion for the W is readily
obtained. The details are quite lengthy, but straightforward and are not
given here.

To lowest order in the density W, is given by

WL, 5)= 3 P n b)) g0 0 1,) (AL0)

with g given by Eq. (A3). The first few higher-order terms are given here
only for s =2,

W(zl)(la 2)=(1+Py,) ¢(v,) ggl)(rl, I,)

+ #(vy) ¢(v,) j Al fiy- fia+ fiafa- fin] Py- (Alla)

and

W1, 2)= (14 Py;) ¢(v;) g82(ry, 1)
+ ¢(0,) 4(v2)

X jdl”[fn"fl"l +fov S+ fr fra+ O(*)] Py (Allb)

APPENDIX B: HOMOGENEOUS AND MARKOVIAN FORM OF
THE BGL OPERATOR

In this Appendix it is shown that in the limit z—> 0% and k — 0 the
generalized BGL operator given in Eq. (3.13) reduces to the Markovian
form used in the literature for a homogeneous gas and given in Eq. (3.17).
The derivation follows closely that presented in Ref. 17 for the nonlinear
BGL operator. The terms in Eq. (3.13) containing static correlations are
essential to recover the usual form, Eq. (3.17).

Consider the action of Ay(v,,z) given by Egq. (3.13) on a function
A (vy). The limit k — 0 of the operator may be taken from the onset, with
the result

Ao(vy, 2) ng(vy) Ay(vy)

n’ dq 0 1
_?fdv f(z Y B z—ig vy, — ,q(vl)—ﬁ(vz)SDH(Q)

a 0
X $(0,) $(v3) {aﬁq-a—vlmvl)—s_q-5V—;Ak<v2)}. (B1)
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The imaginary part of z can be set equal to zero in Eq. (B1); the limit
z— 07" is intended here and below. To proceed, it is convenient to
introduce the Green’s function of the Vlasov equation, defined as the
solution of

[%‘F iq-v, _%(v])} Ug(vi, 11 vy, 0)=0(t) 6(v; —vy) (B2a)

and given by

y+io gz
Uglvas 11 00= [ "Vl ) (B2b)
for Rez >0, with
1
qu(V1 | v1')=z+i—q-v1 {5(V1 —Vvy)

2 1 1
" [8“'?%—1”(}5(”1)} D(q,Z)Z+iq'v1} (B2¢)

where D(q, z) is the plasma dispersion function, defined in Eq. (3.16b). The
contour of integration in Eq. (B.2b) is a vertical line in the complex
z plane, with y > 0, located to the right of all singularities of the integrand.
Equation (B1) can be written

Ao(vy, 2) nd(vy) Ay(vy)

2

n j aq fﬂ”deIJ““dez 1

ys—ico 2T Z2— (2, 4+ 2,)

~om) (2n) s 2mi

0
X Sq‘a_vlfdvzdvrdvz'SDH(Q)

XU_ gz (Ve | V1) quz(Vz [ v2) d(vy) ¢(vy)

0
Ak(vzfﬂ (B3)

0
X[Eq‘m/{k(vlr)+8q'£

with Re(z — (z, + z,)) > 0. The v, integration may be performed, using

1 1
Ny = B4
Jd"z quz(vz [ v2) 2,4 iq-v, D(az,) (B4)

Also it is convenient to define the following functions:

1
z4iq-v

A(q,2) = dv nh(v) (BS)
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and

1
z41q-v

D(a2) =1~ [ dv e m0) £ - A4(3) (B6)
v

for Rez>0. We assume that the unknown function A,(v,) is such that

D(q, z) has the same analytic properties as D(q, z), ie., D(q, z)#0, for

Rez >0 and all q#0. Making use of the above definitions and of the

explicit form of the Vlasov propagators, Eq. (B3) may be written as

follows:

Ao(vy, 2) ng(v,) Ay(vy)

—J(2n)3 pu(q) & 'a’i_lrlﬁwdﬁjnﬁw

><afz2 1 1 1
2niz— (z,+2,) z,—iq- v, D(q, z,)

yi—ivo 27 dyy—ieo

x {&f(q, S M) € g Ay) + (o)L~ Dlg, 2]

1 N
re_ @ 001 s L0 2200 = Dl=a.2.)
+#(—q, 21— Dg, z»)]} (B7)

We now define the analytic continuation of the functions .«Z, D, and D to
Rez < 0. This will give us more freedom in dealing with the contours of
integration. Such analytic continuations are given for Rez <0 by

o _(q, z):jdvzﬂq (o) - 2nzjdv5(z+iq-v)n¢(u) (B8a)
1 F
D (q,z)—l—jdv S )
_ 2nzjdv5(z+zq-v)sq -—a%né(v) (B8b)
_ 9
D@2 =1~ [ n(v) £ AY)

iAk(v) (B8c¢)

- ZniJ avé(z+ig-v) ng(v) sq'av
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By letting z=iw+¢ in Eqs. (B8) and using that the singular function
lim, , o+(¢ +ix) ! can be written as the sum of a & function and a Cauchy
principal value, it can be easily verified that the functions of Egs. (B8) and
those defined in Egs. (316b) and (B5), (B6) are the same in the limit
e—07%.

The z, integration may be performed in the first two terms in curly
brackets in Eq. (B7) by closing the contour to the left (where the only
singularity is the pole z, =z —z,). Similarly in the third term in the curly
brackets the z, integration is performed by closing the contour to the left.
The result is

Ao(Vy, 2) nd(vy) Ay(vy)

_i_f dq ( ) a {J‘yzﬂ"lw dZZ 1 1
- (27t)3 DHq a a ¥ — ico 27?12“22—i(l'V1D(‘l=12)

0
| 0,220y A3+ 16001 = Dl 22) |
0 n+ico gz, 1
+<£~q-a_‘lll’l¢(v1)> fw—l’@@ %izl~iq-v1
1
X
D(qazmzl)D(—qazl)

x [(q, z2—2,)(1 = D(—q, 2,)) + (g, z,)(1 - D(q, Z_ZI))]}

(B9)
The residual z, integration in the first term in Eq. (B9) can now be perfor-
med by closing the contour to the right. To perform the z, integration in
the second term, it is convenient to push the contour of integration against
the real axis, by letting z, = iw + 1, where # — 07 is intended. The result is

Ao(Vy, 2) nd(vy) Ay(vy)

[ s Son(@ 2y - { S o0 L)
II)(quq’-quqvSl) nd(v,)
H e CRR R
XTDTI—EJI_Z 2Re[ (g, iw)(1 — D(—q, iw))]} (B10)
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where use has been made of the property F(q, —iw)=[F(—q, iw]*, where
the star indicates complex conjugation and F is any of the functions &/, D,
and D. Changing q into —q and carrying out the w integral, Eq. (B10)
becomes

Ao(vy, 0) ng(v,) Aglv,)

1 ¢ dq 2 |
o | G S0 0 S =

x {Rew(—q, i v)) (@ —ig V)]0 e 4 e Ay(v,)

0
—q 5;
+im[D(—q, ig-v,)(1 —D(q, —ig-v,))] n(v,)

+ReL/(g, —9- V(1= D(~gig V) Te_y 5ondie)} (B

The real and imaginary part of the functions appearing in Eq. (B11) can be
evaluated by using Eqs. (B8) for z=¢+ig-v, and letting ¢—0",
Equation (B11) becomes then

Ao(vy, 0) ng(vy) Ay(vy)
zij dq 0 Ve

Wq.év_lmSDH(q)(l+nﬁV )

x [ dv,0(q-v12) n(0,) 9(0,)

o 0

(W—Eﬁ (14 Pp) Ay(v,) (B12a)

with

, 1
Dl —ia-)= 1+ VP [ dvy —— a5 (o)

in i
— Ve f #¥20(4°¥12) @ 5~ 19 (v2) (B12b)

where P denotes the Cauchy principal part of the integral. Finally, using
1+npV,=[Spul(q)] ", Eq. (B12a) reduces to Eq. (3.16). We remark that
the same Eq. (B12) would also have been obtained if we had neglected the
functions §_ in Eq. (3.13). Again, this is duc to the fact that the Markovian
limit of the BGL operator conserves kinetic energy.
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